


Chapter 7 


INTEGRALS 


7.1 Overview 


d 
7.1.1 Let d F (x) 2 f (x). Then, we write | f (x) dx =F (x) + C. These integrals аге 


called indefinite integrals or general integrals, C is called a constant of integration. All 
these integrals differ by a constant. 


7.1.2 If two functions differ by a constant, they have the same derivative. 


7.1.3 Geometrically, the statement | f (x)dx = F (x) + С = y (say) represents a 


family of curves. The different values of C correspond to different members of this 
family and these members can be obtained by shifting any one of the curves parallel to 
itself. Further, the tangents to the curves at the points of intersection of a line x 2 a with 
the curves are parallel. 


7.1.4 Some properties of indefinite integrals 


(1) The process of differentiation and integration are inverse of each other, 


d 
Le. — |f (x)de=F (x) and | /'G)dx- f (х) + C, where C is any 
arbitrary constant. 


(11) Two indefinite integrals with the same derivative lead to the same family of 
curves and so they are equivalent. So if f and g are two functions such that 


= [бода = L fed , then | #Gdax and [e (х) ах аге equivalent. 


(ш) The integral of the sum of two functions equals the sum of the integrals of 


the functions i.e., Ее + (х) ) ах = | #Gdax + fea. 
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(iv) A constant factor may be written either before or after the integral sign, 1.e., 


Jaf GO dx = a| f(x) dx , where ‘a’ is a constant. 


(v) Properties (111) and (iv) can be generalised to a finite number of functions 
Л, f, +» f, and the real numbers, К, k,, ..., К, giving 


| (fi 0-6, fa Cx) + tk f(x) dx =k | fi GO de | f, GO dx e, | f, GO dx 


T4193 Methods of integration 


There are some methods or techniques for finding the integral where we can not 
directly select the antiderivative of function f by reducing them into standard forms. 
Some of these methods are based on 


l. Integration by substitution 
2 Integration using partial fractions 
3. Integration by parts. 


7.1.6 Definite integral 


b 
The definite integral is denoted by [7 (x)dx . where ais the lower limit of the integral 


and b 15 the upper limit of the integral. The definite integral is evaluated in the following 
two ways: 
(1) The definite integral as the limit of the sum 
b 
(ii) | f (x) dx = F(b) — F(a), if F is an antiderivative of f (x). 


delat The definite integral as the limit of the sum 


b 
The definite integral | f (x) ах 1$ Фе area bounded by the curve у = f (x), the ordi- 


nates x = a, x = b and the x-axis and given by 


[fdr (у ау туа) +f lah) +f (a+ in- 01] 
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Or 
| /G)dx = Шай f(a) + f (a 1) +..+ f (a*(n-0)] , 


—&ü 


ieee —0as noo. 





n 
7.1.8 Fundamental Theorem of Calculus 


(1) Area function : The function A (x) denotes the area function and is given 
by A(x) = | f G0dx 


(11) First Fundamental Theorem of integral Calculus 


Let f be a continuous function on the closed interval [a, b] and let A (x) be 
the area function . Then A’ (x) = f (x) for all x € [a, 5]. 


(ш) Second Fundamental Theorem of Integral Calculus 


Let f be continuous function defined on the closed interval [a, b] and F be 
an antiderivative of f. 


b 
| f G)dx = [Foo] = Е(Б) == F(a). 
T9 Some properties of Definite Integrals 


Р: [дах [Роја 
P, : | f dx=- | f(x)dx , in particular, | fG)dx=0 


P, : META [Fa лода 
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P. + лода - (азо 
P : оа — [f (a 0d: 
Р: [roar — [f Godx + | (аах) 


P, : | 7 (хуах - 2| f уди f 2a—-x)2 f (x), 
0,if f (2a—x)=— f (x). 


Р, : (1) [7 (х)ах = af f(x)dx , if f is an even function i.e., f (—x) = f (x) 


Gi) [Sd — 0, if fis an odd function i.e, ГС) = -Р69 


7.2 Solved Examples 
Short Answer (S.A.) 


га b 
Example 1 Integrate 2 Њ t ee W.I.t. x 
га b 3 
Solution | En. +3с%/х? је 
ej 2 
= [2а(х)2 dx — fbx” dx+ [3c x3 dx 


5 


3 
= 4a f+ +29 +C 
X 
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3ax 


Example 2 Evaluate [куе % 


Solution Let v = b? + c’x’, then ду = 2c хах 


Зах de 3a dv 


Therefore, | um = 52 


= ~ + cx" | +С. 


Example 3 Verify the following using the concept of integration as ап antiderivative. 





3 2 3 
[- a x-— + —-log|x+1| + С 
Х +1 2 3 


2 3 


d x x 
Solution | *-—+— - log |х+1 +С 
dx 3 





2 
2х Зх? 1 
a) = Sf == 
2 3 Х +1 
1 x 
alerty = = 








dx 





2 +] 


1+х 
Example 4 Evaluate | Тыл xxl. 
x dx 


Solution Let І = Ї, Iac ана БЭ = sin xl. 


х xi A 
Thus prs eene ef: 
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xdx 





where L = 2° 


Put 1-х = £?— —2х ах = 2t dt. Therefore 
== @ =-#+С= 41-2 +С 


Непсе [== | оре е е 


В> а 


ах 
Example 5 Evaluate | | x- a)( - x) | 


Solution Put x – а, = Р. Then £ – x = В-(г +a) = В-г- а= N а+ В 
and dx = 2:141. Now 


Ij- 8-22-- 
Je (B-a-1?)  “(B-a-#) 
0 dt 


Х- Qa 


В-а 





- 2зїп + C-2sin" РС 


Example 6 Evaluate | tan* хвес“ хах 
Solution I = | tan? xsec^ хах 
— | ап“ х(ѕес? х) sec? хах 


- | ап“ x( tan? x+ 1) sec” x dx 
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1 2 2 
- | tan 0 x sec xdx + | папе x sec’ xdx 


tan!! x tan? x 
= + 5 Te. 


11 








3 
Х 


Example 7 Find 52254 
Х Х 


Solution Put x? = 7. Then 2x dx = dt. 


NOU je x dx | t dt 


943x742. 247243242 


t A B 


аи 2+31+2 141 1+2 


Comparing coefficient, we get A=—1, B = 2. 


1,[4 d. 
Then  I-5|4]112 ЈА 


1 
52108 +2] ов |: + | 


x +2 


x +1 


+C 





|| 
p 
O 

ga 








dx 


Example 8 Find je c тэс, 


Solution Dividing numerator and denominator by сов х, we have 


| sec” x dx 
— J2tan?x +5 
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Put tanx = t so that sec*x dx = dt. Then 


dt 1 dt 
t= 5525) | 1 
2 
Me 
2 


= 12 an^ Ул +C 
"245 45 


E 2 tan ! V2 tan x +С 
410 45 | 





2 


Example 9 Evaluate | (7x -5)d* as a limit of sums. 
=] 


2+1 
Solution Here a = -1,b=2,and h= ———, i.e, nh = 3 and f (x) = 7х- 5. 
n 


Now, we have 


| (7x-5)dx = limn[ f (-1) + fC1 +h) + f (-1 +2) +..+ f (-1+ (n-1)5) | 
Note that 

fC) =-7-5=-12 

fil +h) =-7+ 71—5 = –12 + 7А 


f(-1+(-l) 5) 27 (n- 1) h - 12. 
Therefore, 
2 


| (7x-5)dx = tima (12) «Ch – 12) + 14h –12) 4... (n-1)h -12) | 


-1 


= limh| 7h[1 + 2 +...+(n—1)]-12n | 


h0 


7 
_ L(3)3-0)-12x3 2 2? -36-—. 
2 2 2 
х 
2 7 
Example 10 Evaluate |[— — dx 
o cot x + tan х 


Solution We have 


T 
2 
tan’ x 
[= | ————- dx 
0 cot’ X + tan’ x 
TU 
tan’ ——Xx 
2 


dx 


cot’ ES tan! 2-5 


SO о | 8 


-[— ONG cot’ 
о cot’ Ne x 


Adding (1) and (2), we get 
2|- [am X + cot ie 
tan’ x + cot’ x 


2 
= [d x which gives I= 17 
0 
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zi 
_ limh С d 8 lim| 2 (n(n h) -12mh 


...(1) 


by (Р) 


...(2) 
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10-х 


8 
———————— dx 
Example 11 Find | a ЛО —х 


Solution We have 


[ = 


10 -=x 
“фа 
Jx+./10 — x | -0) 


мо = ОО 


| 410 - (10 - x) n 
= у Ло-х+ fio - (10-5) еч 


2) 


8 
I = | -dx 
Б I —x+Vx (а) 
Adding (1) and (2), we get 
8 
21- | Idx = 8-2=6 
2 


Hence 1-3 


is 
4 


Example 12 Find | A/Lesin 2x dx 
0 


Solution We have 


I= (sin x + cosx) dx 


o ee + | 8 


l+sin2xdx = 


о mes | 8 


(sin x + cos x) dx 


|| 
о |a 
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T 


= (-cosx-sinx)? 


I- 1. 


Example 13 Find | ап х dx. 


Solution I= [tan dx 





Example 14 Find | 410 — 4х+ 4? dx 


Solution 


We have 


I-|J10-4x-4x! dx = | (2x-1} + (3) dx 


Put t = 2x - 1, then dt = 2dx. 


2 


Therefore, [= = t + (3) dt 





1:2 
pe + 1ов|+у? +9 +C 


1 
-—t 
2 2 


1 
4 
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(2х-1) J(2x-1) +9 + = log|(2x 1 +,[(2x—1) +9 +С. 
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Long Answer (L.A.) 


i | x? dx 
Example 15 Evaluate БЕРДИ СШ RECON 


Solution Let x? = t. Then 


нг, t 


A B 
2-2 6 32 Е — Dre 
X +x —2 +2 (1-2)(1-1) 1-2 1-1 





So t=A(t—1)+B (t+ 2) 
: 
3” 


| |. 2 
Comparing coefficients, we get A= 3” В- 


x 211 14 
x'-x^-2 3 x42 № Ч 








So 


Therefore, 


2 
x 2 1 1 d 

Е вый К ах+ — 

5572 den ear 








x-1 


x4l 


пх с 


2 1 
_ — —— tan 
EKT > J2 % 








X +x 
Examplel6 Evaluate I dx 


Solution We have 


X +x x xdx 
P= |. о = |, a A д -I-L. 
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3 


x 
Now 15 | —9 


Put t= х^ — 9 so that 4x dx = dt. Therefore 


_lpdt d te ја 
L = Z| — = 181+ = тэ) -9|«C, 





xdx 
Again, L = | 




















х -9' 
Put х? = и so that 2x dx = du. Then 
1 du 1 и—3 
= – |----- = ——1ог@ + С 
ђ 2-03) 2x6 g МЧ" 
1 х —3 
= —lo +С 
12 5x3 42: 
Thus 1=1 +1, 
27-23 
= ое -9| + —log + С 
x +3 








. 2 
sin” x ССр 


Example 17 Show that | 
E sin x + cos x 42 


о З--. . | 


Solution We have 


т 
[mr sin’ x 
J eee 
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sin? — — Ҳ 
2 
ах 


их} 69 (by P4) 
2 2 


n cos? X 
=> [= || 
o SIN X + € 


о — 40 | 3 


1 2 
Thus, we get 21- Е = 
2% 


: |" а Је = [= | 
„еф sng Fn] 


42551 
42-41 


А 





5 gg [ies 2 +1) loa 2 -1)| = 5108 








1 


" qe er - Jos a +) 


1 
Hence [ = Tq 082 +1) 


— 


Example 18 Find | ап“ x) dx 
0 
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1 
Solution [= | Хаа? x) ах. 
0 


Integrating by parts, we have 














2 1 x? 
_ —-— 5 tan” хах 
32 а 
2 A x | 
NENP SEEDS = tan хах 
2 I, , where I, їе 
j^ +1-1 и 
NOW I= ETT 122 tan х dx 
1 1 1 
= | ап” xdx—| : tan ! хах 
4 gA x 
1 УМ : 
= L > tan" x) ), = L = 32 





Thus I = —--—log2-— 
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2 2 2 


Theref о о 
eel, = 5 4 2732 16 4 2 * 





ЖЕР! Ja 
= +lo # 
jg 75 


2 
Example 19 Evaluate [7 (х) ах, where f (x) = lx + 11 + lxl + lx — 1l. 
-1 


2-х Ш -1«xs0 
Solution Wecanredefinef as f(x)-4x-2, if 0<х<1 


3x, if 1<х<2 


2 0 1 2 
Therefore, — | f(x)dx = |(2–х)ах + |(х+2)ах+ [3xdx (by P.) 
-1 -1 0 1 


-0- 22 + 1,25 +3 ыи AN E 
2 2 2 2 2012-12-02 


Objective Type Questions 


Choose the correct answer from the given four options in each of the Examples from 
20 to 30. 


Example 20 је (cos x—sin x) dx is equal to 
(A) е" соѕх + С (В) e*sinx +С 


(C) –е' соѕх + С (D) —е*51пх + С 
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Solution (A) is the correct answer since је Е (x) +f (x) | dx =e" f(x) +С . Here 


f (x) = cosx, f’(x) = — sin x. 


E le 21 a lt 

xample lex cos? , I$ equal to 
(A) tanx + cotx - C | X+ сох)? + C 
(C) tanx – cotx + C (D) (tanx — cotx)? + C 


Solution (C) is the correct answer, since 


NU 2 d 
r= | dx = X +COS x) X 


. 8 2 = . 
sin? xcos? x sin? xcos? x 


— | sec? xdx + | cosec^xdx = tanx — cotx + C 


Зе" —5е` 
Example 22 If 1-- dx = ах + b log 14е" + 5e7| + С, then 


— 7 1 7 
а = „ђб=— а = —, р = — 
(А) 8 8 шөл 8 
- -/ 1 
a=—, b=— a=—, b=— 
©) а=, в=— (D) a=- 


Solution (С) is the correct answer, since differentiating both sides, we have 


Зем", (4e -5e*) | 
Де“ +5е * Де“ +5е * 


giving Зе“ — 5е* = а (Ae* + 5e») + b (4e* – 5e?). Comparing coefficients on both 


1, 7 


sides, we get 3 = 4a + 4b апа —5 = Ба – 5b. This verifies а = x 87 
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b+c 
Example 23 | f (x) dx is equal to 


at+c 


(A) | f Ge) dx (B) | AG c)dx 
(C) | f G)dx (D) | Гоа 


Solution (B) is the correct answer, since by putting x = t + c, we get 


[= севда frre 


Example 24 If f and g are continuous functions in [0, 1] satisfying f (x) = f (a — x) 


and g (x) + g (a — x) =a, then | AG). GO dx is equal to 
0 


(А) 5 a» 5 |7004 
(с) | f God (D) a | f GO d 


Solution B is the correct answer. Since І = [7 (x).g (x) dx 
= | f(a—x) #(а-х)ах = | f(x) (а- g(x) a 


= af f(x) ds -| сда (оф = af f(x) de 1 
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а a 
or І = 21709 ах. 


Ta 
Example25 Ifx- |> ж Ї ran ыр: = ay, then a is equal to 
(A) 3 (B) 6 (C) 9 (D) 1 


m || 


Solution (C) is the correct answer, since x = m 
o N14 9f? J1+9y7 





2 18у 


d'y 299 ау 
hich ei = . = 9у, 
which gives EE 2 n +952 dx 9y 


Example 26 | ах 18 equal to 
ime +2 |х|+1 
1 
(A) log 2 (B) 2 log 2 (C) 5 В (D) 4 log 2 
| | | хээ! 
Solution (B) is the correct answer, since I = J 3242 1-1 
3 | | ug 
= |> aI N А +[—— — Бай. ах тет x 
nx +2|x[4+1 Ax +2 |у|+1 о (|: 1 


[odd function + even function] 





1 1 
5, [4a =2[— фи 


1 
0 (x41) Lx = 2 |log [x 4- 1]|, = 2 log 2. 
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1 t 1 t 
Example 27 If [-—A4t = a, then | а is equal to 
a АНА (14-1) 


0 


€ e e e 
буд (B)a*1-7 (Са-1-5  Фа+1+5 


T Ї 


Solution (B) is the correct answer, since I = |- гэг 
0 


Ї 


ЕКЕ y f = а (given) 








ПЕРЫ 0 


t 


1 
Therefore, 5+ 1. 
егетоге |a = 


2 
Example 28 | |xcos ТХ| dx 18 equal to 
20 


A) = в) = о = D) = 
(A) = (В) = (©) = (D) = 


2 
Solution (А) is the correct answer, since I = [lx совлхјах = 2 fix cos Tx|dx 
-2 0 


1 3 


8 
› | [совла х холч ах + воны ах» = —. 
T 


2 2 


Fill in the blanks in each of the Examples 29 to 32. 


Example 29 





tan’ x 
Solution 7 +С 
Example 30 | f (x) dx =0 if fis an function. 


Solution Odd. 


Example 31 [709 dx = 2 | f(x) dx iff Са – x) = 


Solution f (x). 


sin” xdx 


> | a 


Example 32 „= 
0 Sin X-cCOS X 


Golgi 
oiuuon 4“ 


7.3 EXERCISE 
Short Answer (S.A.) 
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Verify the following : 
2х-1 
1. dx = х— log [(2х + 3yl + С 
22963 
2. [A a = log b + 3304 C 
х + 3x 
Evaluate the following: 
2 6log x Slog x 
(x? +2)ах ЗЕЕ: 
3. | 4. | 4logx _ gree dx 
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10. 


12. 


14. 


16. 


18. 


20. 


22. 
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(1+ cos x) 4 
-----04Х 
x+sinx 


2 4 
[тап xsec хах 


[Л + sin хах 





X 
Ima (Hint : Put Jy = 


1 


2 





ЇЕ 


1+ xt 


[ dx 
416 – 9x 





[a 


ess" 


|a 





К 2ax — x^ dx 


(cos5x +cos 4x) 
са ЈА 


] —2cos3x 


; dx (Hint : Put x = z^ 


11. 


13. 


15. 


17. 


19. 


21. 


23. 





dx 
hs 


| алс y 


Jl + sin2x 





| a x 


а-Х 


dx 





4 
X 


гэж 


[ dt 
oho 
[v5 -2х- х dx 


2 


x 
h х“ 





dx put x = t 


EI 
511 x 
3 


(1 х2)2 


ах 


sin? x +cos° x 
| : > ах 
sin’ x COS” x 


[= у 
ИК Е 


dx 
— ————— - ° 2 — 
26. |- "m 1 (Hint : Put x^ = sec 0) 


Evaluate the following as limit of sums: 


27. (x? +3)ах 


о ee, 0 


Evaluate the following: 





1 
», [—=— 


! dx 
"e Кее 
33. | xsin хсов” хах 
0 


Long Answer (L.A.) 


35. 





x. М— 


25. 


28. 


30. 


32. 


36. 


38. 
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COS X — cos2x 
fae. 
l—cosx 
e dx 


о Qt 





34. 


о У | = 


dx 
(+x?) 11-х 


(Hint: let x = sin0) 
| х ах 
(x^ +a )(x^ +b’) 


23-21 
L— ЗИ 
(х—1)(х+2)(х—3) 
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tan ! x 1+х+ 1 
м. fe [S ја 40. fin” 


(Hint: Put x = a tan?0) 


ax 


Nia 


4/1--с08 x 
41. 5 42. [e^ cos? x dx 
5 (17 cos x)? 


43. | Иапх dx (Hint: Put tanx = £) 
x 
! а 
ын p: cos? а sin? х)? 
(Hint: Divide Numerator and Denominator by cos*x) 


1 


T 
45. | ов (1--2х) dx 46. | ог sin x dx 
0 


© 


> | 8 


47. log (sin x+cos x)dx 


Ala 


Objective Type Questions 


Choose the correct option from given four options in each of the Exercises from 48 to 63. 


48. о EM is equal to 


COS X — COS 
(A) 2(sinx + xcos0) + C (B) 2(sinx — xcos0) + C 


(C) 2(sinx + 2xcos0) + C (D) 2(sinx — 2x cos0) + C 


49. 


50. 


51. 


24, 


ах | 
[————— is equal to 
sin (x — a)sin(x — b) 

sin(x — b) 


(A) sin (b — a) log n pue) 


+C 








sin(x — b) 


(C) созес (b — a) log inm 


+C 








јап“ Vx dx is equal to 


(A) (x + 1) tan! Vx - x4 C 


(C) Jx —xtan! Vx +С 


2 
је шэг dx 18 equal to 
1+ x? 


X 


€ 
1+х 


(А) re 





2 


X 


С 
iga) 


9 
DE dx is equal to 
4x^ +1 


A Ma P 
(А) z- х? 


1 5 
(C) о TE 
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sin(x- a) 
(B) созес (b — a) log MTS Tp) 
D) sin (b – a) 1 sin(x — a) + (С 
тути 








(В) xtan! /x -/x 4C 


(D) 4х а yan? Vx +C 
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dx 1 
53. If | us а log 11 + x^| + b tanx + 5 log Ix + 21 + C, then 








(х+2)(52 +1 
ха == eni sies 
945 10.7 5 Т А 
Dos pes Base 
(Сја= ту; ийг (ја = ти, = ~ 
x 
54. | T7 8 equal to 
X 
х? x х? х 
(А) кетек =ч је (В) К + С 
х? x х? x 
(C) к= = аш Ga (D) А ЈЕ s ae 
55. p dx 15 equal to 
+ COS x 
(A) log|l+cosx|+C (В) log|x+sinx|+C 
(C) хап + С (0) хлап— + C 
х dx - 
56. ae WORE biben ыш 
1+ х 
А : b=1 B = b=1 
(Аа, - (В)а=су, = 
41 1 
= тања = —] D = — = —] 
(О)а= =, р (D) a= =, b 


nds 


58. 


39. 


60. 


dx 
is equal to 
1+ cos2x 


~ || =e] 


(A) 1 (B) 2 (C) 3 


2 
| V1—sin2xdx is equal to 
0 


(A) 242 (B)2 (4/2 +1) (С) 2 


cos хе" "Ах is equal to 





[ x+3 кз 
(x44 аҹ" | 


Fill in the blanks in each of the following Exercise 60 to 63. 


61. 


62. 


63. 


a 


1 
ue — 2 
It дз = s, then ae 





[ sin x 
3+4со хо — ——— | 


T 
The value of | sin^x cos?x dx is 
—T 


=“ 0 <i 
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(D) 4 


(D) 2(/2 -1) 


